Abstract: We investigate various scenarios for ending the San Francisco MSM (men having sex with men) HIV/AIDS epidemic (1978)(1979)(1980)(1981)(1982)(1983)(1984). We use our previously developed model and explore changes due to prevention strategies such as testing, treatment and reduction of the number of contacts. Here we consider a "what-if" scenario, by comparing different treatment strategies, to determine which factor has the greatest impact on reducing the HIV/AIDS epidemic. The factor determining the future of the epidemic is the reproduction number R 0 ; if R 0 < 1, the epidemic is stopped. We show that treatment significantly reduces the total number of infected people. We also investigate the effect a reduction in the number of contacts after seven years, when the HIV/AIDS threat became known, would have had in the population. Both reduction of contacts and treatment alone, however, would not have been enough to bring R 0 below one; but when combined, we show that the effective R 0 becomes less than one, and therefore the epidemic would have been eradicated.
Introduction
The HIV/AIDS epidemic has had a devastating effect worldwide. To date, 1.7 million Americans have been infected with the disease [1] . San Francisco has remained amongst the top US cities with one of the highest incidence rate of HIV/AIDS since the beginning of the epidemic. MSM (men having sex with men) account for approximately three quarters of the total cases of HIV/AIDS in San Francisco's history [2] . It is largely assumed that the San Francisco MSM HIV/AIDS epidemic began in 1978 with the first diagnosed case in 1981, at a time when not much was known about the disease.
In our previous publication [3] , we developed a differential-equations model for the spread of the disease in San Francisco, and computed the reproduction number, R 0 , to be extremely high, over 42. In this paper we use the model to investigate various alternative scenarios that could have driven R 0 below 1, thus stopping the epidemic.
HIV testing did not begin until 1985, and antiretroviral treatment (ART) was not approved for treatment until 1987 [1] . Recent studies have shown that while receiving treatment, an individual's infectivity significantly decreases ( [4] [5] [6] [7] ). We determine by how much R 0 would have been reduced if testing and treatment had been available when the epidemic started in San Francisco. We also consider the reduction of R 0 if the number of contacts had been reduced. As men became aware of the disease, reduction in behavior likely occurred. We show that a combination of treatment and reduction in the number of contacts, would have achieved the goal of reducing R 0 below 1, and consequently stopping the HIV/AIDS epidemic.
The Early San Francisco MSM HIV/AIDS Epidemic with Testing and Treatment
In our previous published paper [3] , we derived a model of the early San Francisco HIV/AIDS epidemic (1978) (1979) (1980) (1981) (1982) (1983) (1984) with the addition of testing and treatment. This model is an extension of the model in [8] . The model uses the longitudinal San Francisco City Clinic Cohort (SFCCC) data set detailed in [9] [10] [11] [12] , which documents the onset the HIV/AIDS epidemic in San Francisco.
There has been a shift in strategy in the treatment of HIV-infected individuals. Until recently, guidelines for the developed world suggested that, in the absence of an AIDS-defining illness, treatment should start when CD4 levels are between 200 and 350 cells per microliter [13, 14] . A shift in this strategy is to diagnose all HIV-infected people as soon as possible after infection and provide them with antiretrovirals (ART) when their levels of CD4 cells are higher [15] . In May of 2011 a multinational study, led by a University of Carolina-Chapel Hill scientist, proved that early treatment dramatically reduces the likelihood of transmitting the virus ( [4] [5] [6] [7] ). Granich et al. [16] investigated the effect of universal voluntary HIV testing and immediate treatment with ART in a heterosexual epidemic and examined the conditions under which the epidemic could be driven towards elimination. Frequent testing has been extremely effective in keeping Cuba's HIV prevalence rate one of the lowest in the world [17] . Cuba has a well-developed health care system that assigns a primary care physician to all citizens and conducts routine surveillance for infectious diseases ( [18, 19] ). Individuals are tested for HIV/AIDS during a regular routine check-up. Infected persons are also found through a "blind" search of blood donors, pregnant women, persons with other sexually transmitted diseases, etc. [20] . Once an individual is identified as being infected, there is a search of seropositives through the sexual contacts of these HIV-positive individuals. This system is called contact tracing. Through aggressive testing and contact tracing, Cuba has kept the prevalence rate to 0.3 [21] . We conduct a similar "what-if" study for the SFCCC epidemic. We model the SFCCC with the addition of treatment to investigate the effect on what the epidemic would have become.
The SFCCC Model with Treatment
For a typical untreated individual who is infected with HIV, his or her infectivity varies with the stage of the infection. The disease can be described as passing through three stages: primary, latent, and symptomatic. These are characterized by significantly different blood viral levels and average durations. First comes a period of primary infection (lasting part of a year). Our "primary infectious stage" is defined as the time soon after initial infection, when infectiousness first rises and then drops. Seroconversion, the period of time during which HIV antibodies develop and become detectable, typically occurs well before the end of our primary stage. One then enters into an asymptomatic period (averaging 7-8 years without treatment), in which infectiousness is very low, followed by a symptomatic stage (averaging three years until death without treatment), where infectiousness rises again. The symptomatic stage begins while individuals are relatively healthy and active, though it also includes the more severe AIDS phase. These average times are based on SFCCC data [22] .
In our model, the San Francisco MSM population is separated into six different groups, based on the number of contacts they had per year. The top 10% of the population had 231 contacts per year; the next 15% had, on average, 81 contacts per year, and so on, until a sixth group, which is not sexually active. If we define the average number c i of yearly contacts of an individual in the ith group, for the San Francisco MSM population we obtained [8, 9, 23] The percentage f i of the total population in the ith group is given by:
these data are essentially from Hethcote and Van Ark's HIV Transmission and AIDS study in the United States [23] . The top 10% of the population, referred to as the core, are significantly more active than the rest of the population. The core caused nearly 83% of the infections for the San Francisco MSM HIV/AIDS epidemic [8] .
A schematic representation of the model for the ith group, i = 1, . . . , 6, is in Figure 1 . The variables are as follows:
• S i is the portion of susceptible individuals in the ith group;
• P i , the portion of individuals in the primary stage;
• L i , the portion of individuals in the latent stage;
• LT i , the portion of individuals in the latent stage receiving treatment;
• A i , the portion of those who have fully developed AIDS; and • AT i , the portion of those who have fully developed AIDS receiving treatment Individuals exit the system (they die) with rates β (for the HIV-AIDS group) and η (for the treated HIV-AIDS group). To keep a constant population, our model assumes new individuals enter the system with rates α (proportional to the untreated group A i ) and µ (proportional to the treated group AT i ). Individuals opt into treatment with rate τ ; we also consider the case of individuals opting out of treatment (with rate ω), and re-entering the corresponding non-treated populations groups.
The corresponding system of differential equations is as follows:
where i = 1, . . . , 6.
The constants p, , a are the infectivity coefficients of the stages P i , L i , and A i respectively, while ρ, λ, α are the transition coefficients; we assume that they are the same for each group. We picked:
The values of the infectivities are the best fit infectivities for the SFCCC epidemic data [9] . These values were calculated in [8] ; the optimal values calculated for SFCCC model were:
The infectivity coefficients T , a T for the treatment groups, assumed to be the same for all groups, were chosen as:
The coefficient N ik represents the probability of encounter of a susceptible member of the group i with an infected member of the group k:
where the coefficients c i and f i are given by Equations (1) and (2).
Constant Population Assumption. The Reduced Model
Since the U.S. Census does not collect data about sexual identity, no solid data is available about the San Francisco MSM population [24] . Using available estimates, it appears that the San Francisco MSM population did not change significantly since 1978. Thus, for example, the MSM population in San Francisco was estimated as 66,000 in 1978 [25] , 66,500 in 2010 [26] , and 64,700 in 2011 [24] .
It appears reasonable, therefore, to assume that in our model Equation (3) the incoming rate β of new individuals coincides with the exit rate α; that is, α = β = 0.5 and µ = η (= 0.2).
This entails that Equation (3) satisfies
, so that the total population in each group remains constant; we will assume that this constant is 1 (or 100%); hence, the variables S i , P i , . . . will be expressed as percentages of the total population in the ith group. The equilibrium and stability properties of this particular case were discussed in [3] .
We now have
, as in the SFCCC system we can find S i = 1 − (P i + L i + A i + LT i + AT i ) and eliminate the variable S i from our system. If we now call
we obtain the following reduced system with treatment:
Results
We used the SFCCC model developed in [3] to investigate the effect that different strategies-such as testing and immediate treatment and reduction in number of contacts-would have had in reducing the epidemic. In particular, we determined the fraction of the population undergoing treatment that would have been needed in order to bring the reproduction number R 0 down to values smaller than 1. Also we wanted to learn if reducing the number of contacts would have been enough. Bringing R 0 below 1 would have meant an end to the the San Francisco MSM HIV/AIDS epidemic.
We investigated separately a possible reduction of the epidemic due to the introduction of testing and treatment, a reduction in the number of contacts once the population became aware of the HIV/AIDS threat, and a combination of both.
Below we discuss each possibility. For each reduction strategy we computed the basic reproduction number, R 0 , and where applicable we found the endemic equilibrium.
SFCCC Model
As we showed in [3] , when the reproduction number R 0 is less than 1, the SFCCC model exhibits a single stable equilibrium, the disease-free equilibrium (DFE). For R 0 > 1 the DFE becomes unstable, and there appears one more equilibrium, the endemic equilibrium (EE).
Using the parameter values above, the reproduction number R 0 for the SFCCC model, without testing or treatment, is extremely high: R 0 = 42.09. Since R 0 > 1, our results imply that the system has precisely two equilibria: the disease-free equilibrium (DFE), which is unstable, and an endemic equilibrium (EE). The total infected population at the EE is 74.018%.
Reducing the Number of Contacts
The San Francisco MSM HIV population has a high level of contacts, averaging 47.7 contacts per year; this is the weighted average of the number of contacts per group, see Equations (1) and (2). As observed, this leads to a very high reproduction number, R 0 = 42.09. As the population became aware of the HIV threat, a significant reduction in the number of contacts occurred. The San Francisco MSM HIV epidemic began around 1978, and individuals became aware of the disease seven years later, about 1984 [27] . We model a reduction in the number of contacts starting at 1984. We consider the effective reproduction number R 0e , which is defined as the R 0 for the new population behavior, after the number of contacts was significantly reduced. This is not quite the reproduction number for the system during the entire time period, but is a good evaluator of the long-term behavior of the system. We found that if contacts had been reduced by a factor of 10 after seven years, then R 0e would have become 4.21, and the total infected population at the endemic equilibrium EE would have been 33.37% (Table 1) . Although this is a significant reduction, we still would have had R 0e > 1; consequently, a reduction in the number of contacts alone would not have stopped the spread of the disease. 
Varying Testing Rate
In our model, individuals testing HIV/AIDS positive are immediately placed on antiretrovirals (ART). ART are estimated to reduce infectivity by 96% [6] . The amount of the population being tested, τ , has a significant effect on the reduction of R 0 . Our model includes a withdrawal rate associated with treatment, ω; we assume ω = 0.03. Figure 2 shows the epidemics (the total infected population) produced with varying testing rates. If the testing rate, τ is 0.5 (50% ), R 0 = 12.43 and the total infected population approaches its EE value of 56.18%. For τ = 0.75, R 0 = 9.75 and has EE value of 51.43%. For τ = 1.0, R 0 = 8.31 and has EE value of 48.3%. Even with a 100% of the population being tested every year and receiving immediate treatment, R 0 would still have been greater than 1 (Figure 2) . Therefore, testing and treatment alone would not have stopped the epidemic either. 
Reducing Number of Contacts Combined with Treatment
If we assume that the number of contacts were drastically reduced, by a factor of ten, around 1984, when the San Francisco MSM population became aware of the HIV threat, then, as indicated in Section 3.2, for the untreated model the total infected would still have approached 33.37%, with R 0e = 4.21, which remains bigger than one. Similarly, the introduction of testing and treatment, without assuming a reduction in the number of contacts, would not have brought R 0 to values smaller than 1.
However, if we assume both a reduction of contacts by a factor of 10 after seven years, and testing and treatment, then for ω = 0.03 and τ = 0.75 or larger, the effective reproduction number would have become less than one. Hence, there would no longer have been an endemic equilibrium EE, and the limit value of the infected population would have been zero. In other words, HIV/AIDS would have been eradicated; see Figure 3 . Observe that for the two lower plots-when τ = 75% and τ = 100% respectively-if the horizontal axis were extended, the total infected population would approach zero, as expected when R 0 < 1. Figure 3 . SFCCC epidemic with reduction in number of contacts by a factor of 10 after 7 years of the start of the epidemic and testing rate, Tau.
Discussion
Using the model developed in [3] , we compared the effectiveness of different reduction strategies by investigating the reduction of the reproduction number, R 0 . We investigated the effect of reduction strategies on the well-documented San Francisco MSM HIV/AIDS epidemic. In particular, we wanted to find out what would have reduced R 0 to below 1, thus eradicating the epidemic. If 50% of the population had been tested each year and those testing positive had been placed immediately on antiretrovirals (ART), R 0 would have been reduced by a factor of 3.4, bringing R 0 down from 42.09 to 12.43. Even if the entire population had been tested yearly, R 0 would have been reduced by a factor of 5, making R 0 = 8.31; although a significant reduction, the reproduction number is still well above 1. Thus, testing and treatment alone would not have prevented the epidemic.
The problem is, this population had a very elevated number of contacts, with an average of almost 48 per year. This led to the fast spread of the epidemic, characterized by and extremely high R 0 for this population, around 42. The number of contacts was significantly reduced once the threat of the HIV epidemics became known to the population. This happened in 1984, about seven years after the onset of the epidemic. In our model, we introduced a reduction in the number of contacts by a factor of 10 after 7 years. Accordingly, this would have reduced R 0 for the new parameters (the effective reproduction number R 0e ) down to 4.2. However, this would still not have been enough to drive R 0e below 1 and stop the epidemic.
We thus determined that a combination of the two-that is, a reduction in the number of contacts combined with introduction of testing and treatment-would have been necessary to bring R 0e down to a value less than 1. We found that if contacts had been reduced by a factor of ten and the testing rate had been at least 75% of the population, then R 0e would have become 0.97, a very significant reduction, thus eradicating the epidemic.
In order to compare how well our assumptions agree with existing data, we conducted a three-stage numerical computation, which mimics what actually happened in the MSM San Francisco population. Namely, in 1984 there was a significant change in sexual behavior, as a consequence of the awareness of the HIV-AIDS epidemic in the community. Later, first treatments started in 1987, at first slowly, and became considerable in 1990. Figure 4 shows a projection of the number of total infected, assuming first a strong change in sexual behavior in 1984-a reduction of the number of contacts by tenfold-and next a start of treatment in 1990, with 50% of the population choosing treatment. The projected percentage of total infected in 2014, about 20%, agrees with existing data [28] . Interestingly, the predicted long-term percentage of infected population, following this model, is about 7.7%. In other words, this three-stage model predicts an endemic equilibrium of 7.7%. Although the percentage of population choosing treatment in this model is not enough to guarantee a total eradication of the epidemic-for that we would need at least 75% of the population choosing treatment-the predicted endemic equilibrium is relatively low.
Our model does not take into account many factors influencing the actual number of infected individuals. For example, a sizable increase in HIV incidence in San Francisco was registered in later years [29] , due to several facts; among others, the change in perception of HIV in the light of success of treatment. However, our model agrees reasonably well with prevailing data.
Finally, we considered a variable-population model, and found that the difference with the constant-population assumption was insignificant, of the order of 0.02% in the period 1978-1984, and 0.06% in 2014; this further justifies the validity of our constant-population assumption.
Future Work
As mentioned in Section 2.1, the top 10% of the population (the core), are significantly more active than the rest of the population; they caused nearly 83% of the infections for the San Francisco MSM HIV/AIDS epidemic [8] . A reduction of the number of contacts for the core population would dramatically reduce the epidemic. Reaching an entire population with reduction efforts is difficult. Focusing on the core population would be more feasible and extremely effective. We plan on investigating how effective such a strategy could be.
Treatment has a significant effect on reducing HIV in a population. Treatment is only effective if individuals do not withdraw from it. We plan on investigating strategies to reduce the withdrawal rate, w in our model. Individuals may withdraw from treatment due to cost, availability or side effects of the HIV-treatment. We assumed the withdrawal rate, w, is 3%. Currently in the United States it may be much higher than that. We plan on investigating varying withdrawal rates in our model.
In July 2012, the U.S. Food and Drug Administration (FDA) approved the first drug to prevent the spread of HIV, Truvada [30] . The drug has been approved to be used by HIV-negative individuals at high risk for infection. This strategy is known as pre-exposure prophylaxis, or PrEP. When taken properly, Truvada has been shown to be up to 92% effective in preventing HIV. We plan on investigating how effective Truvada would have been in reducing R 0 in the San Francisco MSM HIV/AIDS epidemic. This would entail including a susceptible class on treatment, in addition to the standard susceptible class.
